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^ 1. Introduction 



O 



One reason for the recent success of tropical geometry is that tropical varieties 
are easier to understand than classical varieties. This is largely because they are 
discrete, combinatorial objects having the structure of a polyhedral complex. The 
Ph purpose of these expository notes is to give the Grobner perspective on the origin 

T— I of this polyhedral complex structure. We review the basic definitions of tropical 

^ geometry in the rest of this section, before stating the main theorems in the next 

I— I section. The last section is devoted to the proofs of these theorems, some of which 

are new. 

We begin by setting notation. Throughout the paper we work with a fixed field 
^ K with a nontrivial valuation val : K* — >■ M. We denote by R the valuation ring 

of K: R = {a & K : val(a) > 0}. The ring i? is a local ring with maximal ideal 
^ m = {a e K : val(a) > 0} and residue field k = R/xn. For a E R we denote by a the 

image of a in k. We denote by F C M the image of the valuation val. If F 7^ {0} then 
7—i we assume 1 G F as this can be guaranteed by replacing val by a positive multiple. 

^ We do not assume that K is complete, but will sometimes require that it be 

algebraically closed. Given an ideal over a field K without a nontrivial valuation (for 
example, K = C), we can extend scalars to work over the field of generalized power 
series with coefficients in K. 

(N 

O Definition 1.1. For / = E«eZ" c^x'' e K[xf\ . . . , x^'^] the set trop(l^(/)) is the 

^ non-linear locus of the piecewise linear function trop(/) given by trop(/)(w) = 

min(val(c„) +w-u). Let X C T" = (if*)". The tropical variety of X is 

>< trop(X)= fl trop(\/(/)), 

where /(X) C K[x^\ x^^] is the ideal of X. 

The fundamental theorem of tropical algebraic geometry is the following: 

Theorem 1.2. For a variety X C T" ^ (if*)", where K = K, the set trop(X) 
equals the closure in the Euclidean topology on M" of the set 

val(X) = {(val(a;i), . . . , val(a;„)) : a; = (xi, . . . , x„) G X}. 

See, for example, [MS, Section 3.2] for a proof. Theorem 1.2 gives a second inter- 
pretation of the tropical variety trop(X) as a "combinatorial shadow" of the variety 
X. We now describe a third way to understand it, which uses the theory of Grobner 
bases. 
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We now assume that there exists a sphtting of the valuation. This is a group 
homomorphism F — )■ K* sending w & T to V" & K* with val(t"') = w. If is the 
field of Puiseux series C{{t}} with coefficients in C, we may take the splitting that 
sends w G Q to t'" G C{{i(:}}. \i K = Qp, we may take the splitting that sends 
w & 7j to p^. If is algebraically closed, then such a splitting always exists; see 
[MS, Lemma 2.1.13]. 

Definition 1.3. Fix w G F". For a polynomial / = X]«eZ" '^"^'^ ^ -^[^^i"^) • • • ^^n^]; 
let W = trop(/)(tt;) := min(val(c„) + w ■ u). We set 

in^(/) = t-^/(t-ixi,...,t-"a;„) 

^ t-val(c„)c^3,« G k[x^\...,X^^]. 

val(cu)+ui-n=iy 



Example 1.4. Let / = + 5x?/ + 7?/^ G Q[x^^,?/^^], where val is the 2-adic 
valuation on Q. For w = (1, 2), we have W = min(3, 3, 4) = 3, so 

in^(/) = l/8(6(2x)2 + 5(2x)(4y) + 7(4y)2) 

= 3x^ + 5xy + 14?/^ 

= x^ + xy e Z/2Z[x^\y^^]. 

Definition 1.5. Let / be an ideal in K\ „ ]. The initial ideal of I is 

in^(/) = (in^(/) : / G /) C k[xf\ ]. 

A subset {gi, gr} of I is a. Grobner basis for / with respect to w if in^(J) = 
(in^lfi-i), • • .,m^igr))- 

This generalizes the notion of Grobner bases for ideals in a polynomial ring with 
no valuations considered. An excellent elementary reference for that case is [CLO07]. 
As in that situation, a generating set for I need not be a Grobner basis. 

Example 1.6. Let I = {x + 2y,x + Az) C Q[x^^ ,y^^ , z^^]^ where Q has the 2-adic 
valuation. For w = (1,1,1), we have in^(/) = {x,y) C Z/2Z[x^^, y^"^, z^"^], even 
though in^(x + 2y) = in^„(x + Az) = x. 

Remark 1.7. For f e K[ ^^], the non-linear locus of the function trop(/) 

is the locus where the minimum is achieved at least twice, and thus is the closure 
of the collection of w for which in^(/) is not a monomial. This means that, if F is 
dense in M, trop(X) is the closure of those w G F" for which in^(/(X)) ^ (1). 

2. Grobner complex 

In this section we develop the theory of the Grobner complex of an ideal, which 
leads to a polyhedral structure on trop(X). The Grobner complex generalizes the 
Grobner fan [BM88], [MR88] from standard Grobner theory. It was first described 
in the thesis of Speyer [Spe05]. In this section we restrict to the case that J is a 
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Figure 1. 

homogeneous ideal in the (non-Laurent) polynomial ring K[xq, . . . We assume 
that r = imval is a dense subset of M containing Q. This follows from the assumption 
that 1 G r if ii" is algebraically closed. If I is defined over a field with a trivial 
valuation, choose K to be any extension field with a nontrivial valuation, and consider 
I ® K] the results do not depend on the choice of K. For w G F""*"^, the initial form 
in^(/) of a polynomial / G K[xq, . . . , x„] is defined as in the Laurent polynomial case: 
va.yj{f) = t~*™p(/)("')/(t"'ixi, . . . ,t^"Xn)- The initial ideal of an ideal is similarly the 
ideal generated by all initial forms of polynomials in the ideal. 

Definition 2.1. Fix w G F"+^ Define 

C,[w] = {w' G F"+i : in^,(J) = in^(/)}. 

We denote by Ci[w] the closure of Ci[w] in the usual Euclidean topology on ]R"+^. 

Example 2.2. Let f = 3x + 8y + 6z & Q[x,y, z], where Q has the 3-adic valuation, 
and let I = {f). Fix w = (1, 1, 1). Then trop(/)(w) = min(2, 1, 2) = 1, so in^(/) = 
l/3(9x + 2% + 18^) = 2y e Z/3Z[x, y, z]. Then 

Cj[w] = {w' er^:m^il) = {y)} 

= {w' G F^ : ^ + 1 > W3 + 1 > W2}. 

The closure Cj[w] is then {w' E M^^ : w[ + 1 > W2,w'^ + 1 > w'2}. To visualize this, 
we note that if w' lies in C/[if], then so does to' + A(l, 1, 1) for any A G M, so we may 
quotient by the span of (1,1,1) to draw pictures. The region Ci[w\ is the shaded 
region on the left of Figure 1, where we have chosen the representatives for cosets in 
]R^/]R(1, 1, 1) with last coordinate zero. 

The picture on the right of Figure 1 shows the other possible initial ideals of /, 
and the corresponding regions Ci [w] . 

Remark 2.3. Note that if J is a homogeneous ideal in K[xq, . . . , a;„], then in^+;^i(/) = 
in^(/) for any A G M, where 1 = (1, . . . , 1). 

Recall that a polyhedral complex is a collection of polyhedra which contains all 
faces of any polyhedron in the collection and for which the intersection of any two 
polyhedra is either empty or a common face. The key result of this section, which 
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{y-z — x^z — z^) 
(2, 2, 0) 



Figure 2. 

is proved in the following section, is that there are only finitely many of the sets 
C/[w] as w varies over F""*"^ and these sets are polyhedra that fit together to form a 
polyhedral complex. 

Every polyhedron in ]R"+^ can be written in the form P = {x G M"'^^ : Ax < b} 
where A is an s x [n + 1) matrix and 6 G M'^. We say that P is F-rational if the 
entries of A are rational and 6 G F'*. Fhis means that all facet normals of P are 
vectors in Q""*"^ and all vertices of P are elements of F""*"^. A polyhedral complex E 
is F-rational if all polyhedra in S are F-rational. 

Theorem 2.4. Fix a homogeneous ideal I C K[xo, ■ ■ ■ ,Xn]- Then {Ci[w] : w G F^+^j 
forms a finite T-rational polyhedral complex. 

The polyhedral complex of Theorem 2.4 is called the Grobner complex. In the case 
that the residue field k is a subfield of K, and I is defined over k (such as when 
/ C C[xo, . . . , Xn], where it is standard to take K = C{{t}}), the Grobner complex is 
a rational polyhedral fan, which is known as the Grobner fan. This is well studied in 
the usual Grobner literature; see [MR88] or [BM88] for the original works, or [Stu96, 
Chapter 2] or [MT07, Chapter 2] for expositions. The Grobner complex appears in 
Speyer's thesis [Spc05], though our exposition is different. 

The lineality space of a polyhedral complex S is the largest subspace L for which 
if M G 0" for any a G S, and I G L, then u + / G o". Remark 2.3 thus says that Ml is 
in the lineality space of the Grobner complex, so we can draw it in M'^'^^/IRl. 

Example 2.5. Let / = {y'^z — x^ — x'^z — p'^z^) C Q[a:;, y, z], where Q has the p-adic 
valuation for some prime p. For / = y^z — x^ — x^z — p^z^, we have trop(/) = 
min(2?/ + z, 3x, 2x + z,?)Z + A). The Grobner complex is illustrated in Figure 2. 

The relevance of Theorem 2.4 in the tropical context is that it gives the structure 
of a polyhedral complex to trop(X). 

Given an ideal / C K[xi^ , . . . , x'^^], we denote by G K[xq, . . . , a;„] the homog- 
enization of / fl K[xi, . . . , x„]. This is the ideal = {f : f E I H K[xi, . . . , 
where / = Xq^^^'^'' f{xi/xo, . . . ,x„/xo) is the homogenization of /. The support of a 
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polyhedral complex S C ]R"+^ is the collection of vectors w G ]R"+^ with w E a for 
some cr G S. 

Corollary 2.6. Let X be a suhvariety ofT^. Then there is a finite T -rational poly- 
hedral complex S whose support |S| equals trop(X). 

Proof. Let / = I{X) C K[xi^ , . . . , x^^] be the ideal of polynomials vanishing on X, 
and let be its homogenization. It is straightforward to check that for w G F" we 
have in(o,u,)(/'^) 1x0=1 = where the equality is as ideals in k[x]''"'^, . . . ^x^^]] see 

[MS, Proposition 2.6.2] for details. Thus in^(/) = (1) if and only if in(o,u,)(/'^) C 
k[xo,...,x„] contains a monomial. Let S be the subset of the Grobner complex 
defined by {C/h[(0,w)] : in(o,u;)(-^'^) does not contain a monomial}. This is a subset 
of a F-rational polyhedral complex, so the slice = is also a F-rational polyhedral 
complex. Since the polyhedra in E intersect correctly, to show that E fl {wq = 0} = 
trop(X), it only remains to check that if w' G C/h[(0,w)] \ C//i[(0, w)], then in^/(/'^) 
also contains no monomials. This follows from Corollary 3.4 in the next section, as 
if w' G C/h [(0,1(7)] then there is v G F"+-'^ for which + ev G C/h[(0,w)] for all e 
sufficiently small. Therefore in(o,t„)(/'') = 'm.-v(m.w'{I^)) is an initial ideal of in^/(/'^) 
by Corollary 3.4. This means that if in^/(/'') contains a monomial then so does 
in(o,«;)(/'^). Thus if C/h[(0,w)] G S, we also have Cih[w'] G S as required. □ 

A drawback of the definition of a tropical variety given in Definition LI is that 
a priori it requires taking the intersection over infinitely many tropical hypersur- 
faces trop(V(/)). A second tropical consequence of Theorem 2.4 is that this infinite 
intersection is in fact a finite intersection. 

Definition 2.7. Let I d K\ Xi^, . . . , x^^\ be an ideal. A collection {/i, . . . , f^} C / 
is a tropical basis for / if 

r 

trop(y(/)) = f|trop(\/(/,)), 

i=l 

and / = (/i, . . .Jr)- 

Theorem 2.8. Let I C K\ ^ ] be an ideal. Then a tropical basis for I 

always exists. 

Proof. The Grobner complex S(J) of l'^ is a polyhedral complex in ]R"+^ with lineality 
space containing Ml. For each of the finitely many polyhedra a'-*^ in that complex, we 
select one representative vector w^*^ G F""*"^. For each index i such that in^(i) (/^) con- 
tains a monomial we select a polynomial f^^^ G such that in^{i) is a monomial 
x"\ Choose Vj with inv-(in^(i) a monomial ideal; this is possible by Lemma 3.2. 
By Corollary 3.4 we can find e > such that iUy. (in^(i)(/'^)) = in^{,)_,_^y. By 
Lemma 3.3 there is a polynomial g^^^ G / of the form x'^^ + X^CajX", where Cai 7^ 
implies that x"" ^ invi(in^(i) (/'')). Then for every w G F"+^ with in^(/'') = in^{,)(/'^) 
we claim that in^(5f'^*)) = x^\ Indeed, inv^(in^(5f'^*))) G inv.(in^{i) (J'^)), and every 
monomial occurring in this polynomial must occur in g^^\ but also be in the mono- 
mial ideal inv.(in^(i) (/'')), so must be x^\ Thus in^{g^'^^) = x"* + '^baX"' where 
x"" ^ iUv- (in^(J'^)). Since x"* G in^„(J^), this means that J^^aX"" G in^(/'^), and 
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thus inv,(^ fca^;'^) € inv.(in^ (/'')), which would contradict x"" ^ inv.(inu; unless 
Y.baX" = 0. Thus in^(^'W) = 

Now we define a tropical basis T by taking any finite generating set of / and aug- 
menting it by the polynomials Qi = g^^^\^^^i, where g^^^ is as constructed above. Then 
T is a generating set of /. The intersection f]j^^tTop(y{f)) contains trop(V^(/)) by 
the definition of trop(K(/)). Consider an arbitrary weight vector w G r"'\trop(V^(/)). 
There exists an index i such that in(o,iu)(/'^) = in^(i)(/'^), and this initial ideal must 
contain a monomial since w ^ trop(V^(/)). The above argument then shows that 
in(o,t«)(5'''*'') = so w ^ trop(V((7i)). Thus w ^ f]j^^tiop{V{f)) and so T is a 
finite tropical basis as required. □ 

Remark 2.9. Hept and Theobald show in [HT09] that if X C T" is an irreducible 
ci- dimensional variety, then there always exist fo, ■ ■ ■ , fn-d £ H-^) with trop(X) = 
fXi=Q ^^op(y (fi)) . This means that if we drop the ideal generation requirement then 
a tropical basis with n — d + 1 elements always exists. Note, however, that the 
degrees of the fi may be very large. There are classical complete intersections that 
are not the intersection of the tropicalizations of any generating set of cardinality the 
codimension. 

Alessandrini and Nesci give in [AN13] a uniform bound on the degrees of polyno- 
mials fi in a tropical basis for an ideal / that depends only on the Hilbert polynomial 
of a homogenization of /. Thus we can bound either the size, or the degrees, of ele- 
ments of a tropical basis. However at the time of writing a truly effective and efficient 
algorithm to compute tropical bases does not exist. 

Remark 2.10. We warn that the polyhedral complex structure constructed here 
on trop(X) is not canonical, but depends on the choice of embedding of T" into 
P" (or, algebraically, on the choice of coordinates for the Laurent polynomial ring). 
As an explicit example of this phenomenon, let / = {a + b + c + d + e,3b + 5c + 
7d+ lie) C C[a^\b^\c^\d^\e^^], and consider the plane X = V{I) C (C*)^ 
The Grobner fan of / has a one-dimensional lineality space, spanned by(l,l,l,l,l). 
Modulo the lineality space, the Grobner fan structure on the tropical variety of X 
has five rays, and ten two-dimensional cones, which are the span any two of the rays. 
Let (j)* : C[a=^^6=^\c=^\c?=^^e=^^] C[a^^ , d^'^ , e^^] be the automorphism 

given by 4>*{a) = ab, (jf{b) = be, 0*(c) = cd, (jf{d) = de and 0*(e) = e, and let 
(p : (C*)^ — )■ (C*)^ be the corresponding morphism. Let Y = (f){X) = V{(f)*~^{I)). 
The set trop(y) is the image of trop(X) under the change of coordinates given by 
trop(0~^), but the Grobner fan structure on trop(y) has seven rays and twelve cones, 
as two of the two-dimensional cones are subdivided. This can be verified using the 
software gfan [Jen]. 

A possible objection to this example is that the polyhedral structure on trop(F) 
refines the polyhedral structure on trop(X), so that there is a more natural polyhedral 
structure. However such a coarsest polyhedral structure does not always exist; see 
[ST08, Example 5.2]. 

Remark 2.11. Our construction of initial ideals depends on the choice of a splitting 
w ^ of the valuation map val : K* — > M. This is necessary to be able to compare 
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initial ideals with respect to different choices of w, as this choice makes our initial 
ideals into ideals in k[x]''"^, . . . , x^^] or k[xo, . . . , a;„]. 

The more invariant choice recognizes that the Laurent polynomial ring is the group 
ring K[M], where M = Z" is a lattice with dual lattice = Hom(M,Z), and 
val(X) more naturally lives in ® M, since T" = ® K*. We then consider the 
tilted group ring R[M]^ = {/ = "^CuX^ : val{cu) + w ■ u > 0}, which contains 
the ideal m = {/ = ^c„x'" G i?[M]"' : val(c„) + w ■ u > 0}. We can then define 
in^(/) = (J n RIM]"") + m e RiM]"" /xn. See [Pay09] for this approach. 

We note, though, that the choice of splitting is not a very serious one. Suppose 
01,02 • r — i- K* are two different splittings of val, so valo0i = valo02 = id : 
r — )■ r. These homomorphisms induce isomorphisms 0-,- : /^[M] — )■ i^'[M] by Xi i— )■ 
(j)j{wi)xi for j = 1,2, which restrict to isomorphisms 0j : R[M]^ — )■ R[M] as we have 
0j(^c„x") = J2^u(pj{w-u)x^. Then if val(cn)+w-u > 0, we have val(cu0j(w-u)) > 0. 
Thus -0 = 01 o 02 ^ : i?[M] — > R[M] is an automorphism. Since -0 is the restriction of 
the automorphism of i^r[M] given by Xi i-^ (j)i{wi) / (j)2{wi)xi, ip maps the ideal m to 
itself, so induces an automorphism -0 : k[M] k[M]. 

This means that the two initial ideals of I with respect to w obtained using the 
splittings 01 and 02 are related by the automorphism ip, so all invariants of the initial 
ideal, such as dimension, are independent of the choice of splitting. We also emphasize 
that such a choice is necessary to do computations. One can view (parts of) tropical 
geometry as the computational arm of rigid analytic geometry and Berkovich theory, 
so it is important not to ignore the computational aspects. 

3. Proofs 

This section contains the technical details needed to prove Theorem 2.4. 

Lemma 3.1. For all f G K[xo, . . . ,Xn] there exists e > such that in„(in^(/)) = 
inui+e'vif) for all e' G F with < e' < e. 

Proof. Let / = E„eN"+i Then in^(/) = E„eN"+i c„t— ^^x", where W = 

trop(/)(w). Let W = min(f ■ u : val(cM) + w ■ u = W). Then 

in,(in»(/)) = J2 c„t-«-^a;". 

v-u=W' 

For all sufficiently small e > 0, we have W + eW = trop(/)(w + ev) and 

{u : val(cu) + {w + ev) ■ u = W + eW'} = {u : val(c„) + w- u = W,v-u = W'}. 
This implies that my^-^^>v{f) = int,(in,„(/)) for all e' G F with < e' < e. □ 

In standard Grobner basis theory most attention is paid to initial ideals that have 
a monomial generating set. Such monomial ideals are useful because their properties 
only depend on the set of monomials in the ideal. For example, a polynomial / = 

CuX^ lies in a monomial ideal if and only if every x^ with Cu ^ lies in the ideal. 
We next check that in this modified Grobner theory monomial initial ideals still exist. 

Lemma 3.2. Let I be a homogeneous ideal in K[xq, . . . and fix w G F"+^. Then 
there v G Q"+^ and e > for which both inv(in^(/)) and in^^^v{r) are monomial 
ideals, and inv(in^(/)) '^in^+evil). 
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Note that in Corollary 3.4 we will show that for sufficiently small e > these two 
initial ideals are equal. 

Proof. Given any v G Q""^^, let Mv denote the ideal generated by all monomials in 
inv(in^(/)), and let denote the ideal generated by all monomials in m^ij^^^^I) for 
some e > 0. Choose v G Q*^"^^ for which is maximal with respect to inclusion, 
so there is no v' G Q"+^ with C M^/. This is possible since the polynomial ring 
is Noetherian. If inv(in^(/)) is not a monomial ideal, then there is / G / with none 
of the terms of inv(in^(/)) lying in M^. Choose v' G Q"'"'"^ with inv'(inv(in^(/))) a 
monomial; any v' for which the face of the Newton polytope of inv(in^(/)) is a vertex 
suffices. By Lemma 3.1 there is e' > for which inv+e'v'(inio(/)) is this monomial. 
By choosing e' sufficiently small we can guarantee that inv+e'v'(in«,(/)) contains all 
generators of My, as any generator x" is inv(ini„(/)) for some / G / so this follows 
from applying Lemma 3.1 to in^„(/). This contradicts the choice of v, so we conclude 
that inv(in^(J)) = My,. 

Choose fi, . . . , fs for which inv(in^(/j)) = where the x"' generate My. By 
Lemma 3.1 there is e > for which in^^,_|_ev(/i) = a;"* for all i, so for this e we 
have inv(in^(/)) C in^+ev(-^)- Suppose that v has been chosen from those v' with 
inv'(in^(/)) monomial so is maximal with respect to inclusion. Again, if my^^^v{I) 
is not monomial then there is / G / with no term of in^+ev(/) in M^, and we can 
choose v' and e' as above so that C M^^^,^, and My = Mv+e'v'- From this 
contradiction we conclude that m^+^v{I) is also monomial, so we have constructed 
the desired v G Q"+^ □ 

We denote by 5*^^ the polynomial ring K[xo, . . . ,x„], and by St the polynomial 
ring k[xo, . . . ,x„]. 

Lemma 3.3. Let I C K[xo, . . . , Xn] be a homogeneous ideal, and let w G F""*"^ be such 
that myj{I)d is the span of {x^ : x" G in^(/)rf}. Then the monomials not in in^(/) 
of degree d form a K -basis for {S/I)d. This implies that for arbitrary w G r"+^ the 
Hilbert function of I and my^{I) agree: 

dimK{SK/I)d = dimk(S'k/ in,,{I))d for all degrees d. 

Proof. Suppose first that 'm.w{I)d is the span of {x" : x" G 'm.w{I)d}- Let Bd be the 
set of monomials of degree d not contained in myj{I). We ffist show that, regarded 
as elements of {S/I)d, the set Bd is linearly independent. Indeed, if this set were 
linearly dependent there would exist / = "^CuX^ G Id, with x" ^ i^wil) whenever 
Cu 7^ 0. But then in^^,(/) G m^{I)d, which would mean that every term of in^(/) is 
in m^{I)d, contradicting the construction of /. Since \Bd\ = ("^'^) — dim^ intf,(J)^, 
this linear independence implies that dimkin^(J)rf > dim^^ J^. 

For all monomials x" G myj{I)d, choose polynomials /„ G Id with iiiyj^fu) = x". 
We next note that the collection {/„ : x" G mw{I)d} is linearly independent. If 
not, there would exist au E K not all zero with ^ a„/„ = 0. Write fu = + 
J2 CuvX"" . Let u' minimize val(atj) + w ■ m for all -u G W^^^ with x" G m.yj{I)d. Then 
a-u' + Zlw^M' = 0, so there is u" ^ u' with val(a„//) + val(c„"u') < val(a„'). 
But then val(a„") + val(cu'/u') + w ■ u' < val(au') + w ■ u' < val(a^j//) + w ■ u", which 
contradicts in^„(/„//) = x" . This shows dim^ > dimkinw{I)d- Thus, when in^(/) 
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is a monomial ideal we have dimK{SK/I)d = dimk(5'k/ 111^,(1))^, and Bd is a i^-basis 
for {SK/I)d. 

If inu,(J)rf is not spanned by the monomials it contains, by Lemma 3.2 there is 
V G Q"+^ and e > for which both inv(in„,(J))(i and inu;+ev(-^)d are spanned by the 
monomials they contain and inv(in^(J))(i C inu;+ev(-^)d- By the previous calculation 
the monomials not in in^+ev(-?^)d span {S/I)d, so if (/)d\inv(in^(J))rf there 

is fu € Id of the form = + ^ c^x^, where 7^ implies that ^ mw+ev{I)d- 
But then int„(/„) is supported on monomials not in inv(in^(/))rf, so inv(in^(/u)) ^ 
m^{mw{I))d- From this contradiction we conclude that in^+ev(-^)(i = ^^v{^^w{I))d- 

Standard Grobner arguments imply dimk(S'k/ in^(/))d = dimk(S'k/ inv(intf,(/)))^, 
and by the previous calculations we have dimKiSx/ I)d = dimk(5'k/ in^+ev(-^))(i, so 
we conclude that for any w e T""*"^ we have dimK{SK/I)d = dimk(5'ik/ in^(/))d for 
all degrees d. 

□ 

Corollary 3.4. Let I be a homogeneous ideal in K[xq, . . . ,Xn\, and let w, v G r""*"^. 
Then there is e > such that for all < e' < e with e' G T""^^ we have 

inv(in^(/)) = in^+,v(/). 

Proof. Let {gi, . . . , gs} C k[xo, . . . , x„] be a generating set for inv(inu,(J)), with each 
generator g^ of the form inv(in^(/j)) for some fi G /. We choose e to be the minimum 
of the ei from Lemma 3.1. Then g^ = inv(inu,(/i)) = in^+e/v(/j) for any e' < e, so 
inv(in^(/)) C myj^^'^^I). But by Lemma 3.3 both inv(in^„(J)) and in^t,+e'v(-^) have 
the same Hilbert function as J, so this containment cannot be proper. □ 

Proposition 3.5. Let I be a homogeneous ideal in K[xo, ■ ■ ■ ,Xn]- There are only a 
finite number of different monomial initial ideals in^il) as w varies over F"'"'"^. 

Proof. If this were not the case, by [MacOl, Theorem 1.1] there would be wi,W2 G 
r"+^ with in^2(/) C in^^(/), where both initial ideals are monomial ideals. Fix 

G in^j(J) \in^„2(-^)- By Lemma 3.3 the monomials of degree deg(x") not in in^j(/) 
form a i^-basis for S/I, so there is /„ G / with fu = x'^ + Y2 '^vX^ where whenever 

7^ we have x^ ^ in^^(J). But then in^2(/„) G in^„2(J), and since in^2(/«) is a 
monomial ideal this means that all of its terms lie in in^^i^)- However all monomials 
appearing in in^jl/w) appear in /„, so this is a contradiction, and thus there are only 
a finite number of monomial initial ideals of /. □ 

Fix a homogeneous ideal / C K[xo, ■ ■ ■ , Xn]- Proposition 3.5 guarantees that there 
are only finitely many different monomial initial ideals of /. Let D be the maximum 
degree of a minimal generator of any monomial initial ideal of I. 

For any fixed degree diet s = dimx(/d). Choose a basis /i, . . . , for I^,, and let A^, 
be the corresponding s x ("'^'^) matrix recording the coefficients of the polynomials fi. 
This matrix has columns indexed by the monomials Aid K[xo, ■ ■ ■ , Xn] of degree d, 
so {Ad)iu is the coefficient of in /j. Note that the maximal minors of this matrix 
are independent of the choice /i, . . . , of basis, as they are the Pliicker coordinates 
of the element Id in the Grassmannian Gr(s, 5"^). For J C with \J\ = s, we 
denote by A'^ the s x s minor of Ad indexed by columns labeled by those monomials 
in J. 
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Let gd e K[xo, ... , x„] be given by 

gd= Yl det(A^)n^"- 

icMd,\i\=s ue/ 

Let g = Y[d=i9d- The function tiop^g) : ]R"+^ — M is piecewise-linear. Let Etrop(g) 
be the coarsest polyhedral complex for which tTop{g) is linear on each polyhedron in 
Strop(g)- Note that Strop(g) is a F-rational polyhedral complex. 

Theorem 3.6. Fix a homogeneous ideal I C K[xq, . . . , and let g^,, g and Strop(g) 
be as above. Fix w e r"+i in the interior of a maximal polyhedron a G Strop(g) • Then 

Proof. We show that if w' G r""*"^ lies in the interior of a if and only if in^/(/) = 
in^(/). Note that Strop(g) is the common refinement of the polyhedral complexes 
Etrop(gd) d < D, where Strop(gd) is the coarsest polyhedral complex for which 
trop(5'd) is linear on each polyhedron. Thus it suffices to restrict to a fixed d < D, 
and let ad be the polyhedron of Strop(gd) containing a. In what follows we show that 
w' G F""*"^ lies in the interior of ad if and only if in^/(J)rf = inu;(J)rf. This suffices 
because in^t,/(/) = mw{I) if and only if iiiuj' {I)d = in«,(/)d for aA\ d < D. 

For the only if direction, note that if w' lies in the interior of ad then the minimum 
in trop((y'd) is achieved at the same term for w and for w'. Since ad is a maximal 
polyhedron, this minimum is achieved at only one term, which we may assume is the 
one indexed by J G Aid. 

Let A be the s x s submatrix of Ad containing those columns corresponding to 
monomials in J, and consider the matrix A' = A~^Ad. This shifts the valuations 
of the minors: val{A''^ ) = vallA"^) — val(det(y4)). The matrix A' has an identity 
matrix in the columns indexed by J, so each row gives a polynomial in 5*^ indexed 
by G J'. Let fu = x^ + Tlx^^j' ^^^^ polynomial indexed by x". Note that 

the minor of A indexed by J„ = J \ {x"} U {x'"} for ^ J is c^, up to sign, so 

val(A'-^")+ WM' = val(A^^)-val(det(i))+ ^ w ■ u 

> val(A^) - val(det(i)) + ^ w ■ u 
= val(y4'^) + w-u' + w- u — w-v 
= + Y^ w-u' + w- u — w-v 

Thus val(c„) + w - V > w - u for any v with x'" ^ J, so in^(/u) = x'^. This means that 
x" G in^(J)rf. Since dimkin^(J)d = s by Lemma 3.3, J is precisely the collection of 
monomials in in^(/)rf. Since \ J\ = s = dimfcin^(/)(i = m^'{I)d we have in^(/)rf = 
m^>{I)d as required. Note that this also shows that in^(/) is a monomial ideal, since 
in all degrees d up to the bound D on its generators in^^,(/)^ is spanned by monomials 
in in^(/) 
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For the if direction, suppose that w' does not he in the interior of ad- This means 
that there is some J' G Md with J' ^ J and val(A;^') + XImsJ' w' ■ u < val(A^) + 
Tliu&L "^''"^ foi' any L. We may choose J' so that ^„gj/ m is a vertex of the convex hull 
of all X^ueJ" ^ with J" satisfying the inequality. This means that there is v G Q"+^ 
with V ■ (X]«gJ' ^ ~ YliueJ" < ^^ly such J". Then for sufficiently small e > 
we have val(A^') + X]«eJ'(^' + ev) ■ m < val(A^) + XIuglI^' + ev) ■ m for all L G Aid 
with L 7^ J'. The above argument then shows that 'm.w'+ev{,I)d = span{x" : G J'}. 
By Corollary 3.4 we have in^/+ev(/) = inv(in^/(/)), so this means that in^/(/)rf is not 
the span of those monomials in J, and thus inwi{I)d 7^ in^(/)d. □ 

Theorem 2.4 is now a straightforward corollary of Theorem 3.6. 

Proof of Theorem 2.4- Theorem 3.6 states that all top-dimensional regions of the 
F-rational polyhedral complex Strop{/) are of the form C/[w] for some w G r^~^^ 
with inyj{I) a monomial ideal. For any w G F""*"^ with in^(/) a monomial ideal by 
Corollary 3.4 we have mw+ev{I) = intu(/) for all v G Q"+^ and all sufficiently small 
e. This means that such a C/[w] is full-dimensional, so it must be one of the top- 
dimensional regions of Strop(/)5 as for w ^ w' the regions Ci[w] and C/[w'] are either 
disjoint or coincide. It thus remains to show that if in^(/) is not a monomial ideal, 
then Ci[w\ is a face of some C7[if'] with in^/(J) a monomial ideal. 

This follows from Corollary 3.4 and Lemma 3.2. Indeed, by Lemma 3.2 there is 
some V G Q""*"^ with inv(inu,(/)) a monomial ideal, and by Corollary 3.4 there is e > 
for which in^+£v(-?^) = inv(inu,(/)). Let w' = w + e\. Let gi, . . . , gghe a. Grobner basis 
for I with respect to w', so in^/(/) = {m^i;/ (gi) , . . . , m^'{gs)). Write gi = + ^ Q^x", 
where m^{gi) = We may assume, as in the proof of Lemma 3.3, that Cj„ 7^ 
implies that x"" ^ in^/{I). Then the polyhedron C/[w'] has the following inequality 
description: 

Ci[w'] = {x e M"+^ ■.x-Ui< val(ci^,) + x -v.l <i < s}. 

To see this, first note that for any w G C/[iy'] we have all inequalities on the righthand 
side satisfied properly. Otherwise there would some monomial not in in^/(/) appear- 
ing in some inir,{gi), which would contradict this polynomial lying in the monomial 
ideal inir,{I) = in^/(/). As the righthand set is closed, this shows the containment of 
C/[ty'] in the righthand set. For the reverse inclusion, if u; G F"+^ lies outside the 
righthand set, there is some gi for which in{;;((yfj) does not contain x"' in its support. 
Let b = w -Ui — mmlYal^Cm + w -v : Cm 7^ 0}. By assumption b > 0. If w G C7[w'] then 
for all e > there is u' with | u' | < e and w + u' G C/ [w'] . Choose e > sufficiently 
small so that all u' with |u'| < e satisfy u' ■ {v — Ui) < 6/2 for all v with 7^ 0. Then 
in^;+u'(fi'«) ^ ^^w+u'{I) does not contain x"* in its support. Since in{;5+u'(/) = in^/(/) is 
a monomial ideal, all terms of in{5+u/(5fj) must lie in in^/(/), which is a contradiction, 
so such w do not lie in Ci[w'], and thus C/fw'] has the claimed description. 

The argument in the second paragraph implies that C/[w] lies in Ci[w'], so we 
just need to show that it is a face. Note that {in^(5fi), . . . , in^((7s)} is a Grobner 
basis for in^(/) with respect to v. If w G F""*"^ satisfies in{5(/) = in^^I), then 
we must have m{s{gi) = m^^gi). If not, m{s{gi) must still have x"' in its support, 
or we would not have inv(in{5(J) equal to the monomial ideal my^i{I). But then 
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m{^{gi) — in^((7j) G m^{I), and this polynomial does not contain any monomials from 
in^/(/), contradicting inv(in,„(J)) = myu/{I). Thus w lies in the polyhedron 

{x G M"^^ : Ui ■ X < val(cjt,) + x ■ v and ■ x = f ' ■ x for all 1 < i < s 
and x" in the support of in^(5fj)}. 

On the other hand, any w G r"+^ lying in this set has msi{gi) = in^(J), so in^(/) C 
m{;,{I), and so by Lemma 3.3 we have equality, so w E Ci[w]. Since this polyhedron 
is the intersection of Ci[w'] with a supporting subspace it is a face as required. □ 

Remark 3.7. The construction of the Grobner complex as the regions where a piece- 
wise linear tropical function is linear shows that this polyhedral complex is a regular 
subdivision. This notion originates in the work of Gelfand, Kapranov, and Zelevinsky 
[GKZ08, Chapter 7], where such subdivisions were called coherent; see also [DLRSIO, 
Chapter 5]. The content here is that the piecewise linear function trop(/) is concave. 

Remark 3.8. The polynomial g is homogeneous of degree L = Yld=i^^^K{Id)- 
Write g = CuX^, where the sum is over u G N^~^^ with |m| = L. When K has the 
trivial valuation, the regions where trop(5') is linear are the cones of the normal fan of 
the polytope conv(M G N""*"^ : c„ 7^ 0). This polytope is known as the state polytope 
of /, and was first described in [BM88]. The construction given above mimics this 
construction; see [Stu96, Chapter 2] for an exposition in this case. When K has a 
nontrivial valuation, the Grobner complex agrees with the normal fan to the state 
polytope of / for large w, and is the dual complex to a regular subdivision of the 
state polytope. 

Remark 3.9. When K has the trivial valuation we do not need to assume that the 
ideal / is homogeneous to define the Grobner fan. In this case Anders Jensen gave 
an example in [Jcn07] of an ideal / C C[xi,X2,X3,X4\ for which the Grobner fan is 
not a regular subdivision. However if we take X C to be the variety defined by 
the ideal IClxf^^xf^^xf^^x"^"^], then trop(X) is the support of a subcomplex of this 
Grobner fan, and also the support of a subcomplex of a regular subdivision. This is 
not a contradiction, as the regular subdivision coming from the Grobner fan of the 
homogenization can be much finer than the nonregular one. 
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